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Accessible information and quantum operations
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The accessible information decreases under quantum operations. We analyzed the connection
between quantum operations and accessible information. We show that a general quantum process
cannot be operated accurately. Futhermore, an unknown state of a closed quantum system can not
be operated arbitrarily by a unitary quantum operation.
PACS number: 03.65.-w, 03.65.Bz, 03.67.-a,
It is impossible to perfectly clone an unknown quantum state using unitary evolution [1]. That non-orthogonal states
can’t be distinguished is well known [2]. In [3], Mor and Terno showed that an arbitrary state cannot be disentangled,
a universal disentangling machine cannot exist. It is well known that the laws of quantum mechanics allow us to do
many things superior comparing with classical mechanics. At the same time, quantum physics establishes a set of
negative rules stating thing that cannot be done.
In this paper, we shall prove that a general quantum process can not be operated accurately unless which can be
performed by a unitary operation. The key of our proof is the theorem which was conjectured by Gordon in 1964 [4]
and proved by Holevo in 1973 [5]. Suppose X is a quantum system which is prepared in the mixed state ρx with a
with a probability px:
ρ =
∑
x
pxρx. (1)
A quantum measurement on the state has been given to identify X on the measurement result Y. A good measure of
how much information has been gained about X from the measurement is the mutual information H(X : Y) between
X and the measurement outcome Y. The mutual information H(X : Y) of X and Y measures how much information
X and Y have in common. Holevo’s theorem states that
H(X : Y ) ≤ S(ρ)−
∑
x
pxS(ρx), (2)
where S(ρ)=-Tr(ρ log ρ), the von Neumann entropy of the density operator ρ. The quantity appearing on the right
hand side of the inequality
χ = S(ρ)−
∑
x
pxS(ρx) (3)
is an upper bound on the accessible information.
First, in this paper, we aim to show that the Holevo chi quantity decreases under quantum operations:
χ′ = S(ε(ρ))−
∑
x
pxS(ε(ρx)) ≤ χ = S(ρ)−
∑
x
pxS(ρx), (4)
where ε is a quantum operation. Suppose we want to perform a quantum process, which can be realized by a quantum
operation, ε. After a quantum process, we find the mutual information decreased, in another world, we find that the
information we can gain from the quantum system is less than previous. We know the uncertainty of this quantum
states increases because of the decreasing of the accessible information. That is, the result after the quantum operation
is unreliable. Also, it tell us this quantum process can not be operated accurately (If this quantum can be operated
accurately, the accessible information would not decrease.).
It is well known that the dynamics of a closed quantum system are described by a unitary transform. A natural
way to describe the dynamics of an open quantum system is to regard it as arising from an interaction between the
system of interest, which we shall call principal system, and an environment, which together form a closed quantum,
Fig.1. [6]. Suppose we have a system in state ρ. In general, the final state of the system, ε(ρ), may not be a unitary
transformation to the initial state ρ. After the transformation U the system no longer interacts with the environment,
and thus we perform a partial trace over the environment to obtain the reduced state of the system alone:
ε(ρ) = trE [U(ρ⊗ ρ
E)U †] (5)
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Using the Stinespring dilation theorem [7], we know any possible transformation ρ → ε(ρ), can be described, if the
principical system has a Hilbert space of d dimensions, then it suffices to model the environment as being in a Hilbert
space of no more than d2 dimensions. We suppose that the quantum system X is prepared in the state ρXx with a
probability px initially. The state of environment E is ρ
E
0
, independent of the quantum system X. The initial state
that includes the quantum system and environment we obtain is
ρEX =
∑
x
pxρ
EX
x , (6)
where
ρEX
x
= ρE
0
⊗ ρX
x
(7)
Because ρE
0
is independent to every x, so we obtain
χEX = χX . (8)
A quantum process of system X now take place. It can be realized by a unitary operation on the states ρEX :
∼
ρ
EX
= U(ρEX)U † (9)
After the unitary operation U the system no longer interacts with the environment, and thus we perform a partial
trace to over the environment to obtain the reduce state of the system alone:
∼
ρ
X
= trE [U(ρ⊗ ρ
E)U †]. (10)
In [8], it has been shown that χ is nonincreasing under the partial trace operation. Suppose |xX
i
>< xX
i
| are the
states of a system X , where states |xX
i
> are orthogonal. Introduce an auxiliary system Y . Define a joint state of
XY by:
ρXY =
∑
i
pi|x
X
i
>< xX
i
| ⊗ ρY
i
. (11)
The the entropy of the joint state is
S(ρXY ) = H(pi) +
∑
i
piS(ρ
Y
i ). (12)
H(pi) is Shannon entropy as a function of a probability distribution.
Consider the state
ρXY Z =
∑
i
piρ
XY ⊗ |iZ >< iZ |, (13)
Where |iZ > is an orthogonal set of states:
S(ρXY Z) = H(pi) +
∑
i
piS(ρ
XY
i
) (14)
S(ρXZ) = H(pi) +
∑
i
piS(ρ
X
i
). (15)
Using strong subadditivity [9] which is a property of the entropy functional for a trio of quantum systems, X , Y , Z,
S(ρXY Z) + S(ρY ) ≤ S(ρXY ) + S(ρY Z), (16)
we can obtain
S(ρX)−
∑
i
piS(ρ
X
i
) ≤ S(ρXY )−
∑
i
piS(ρ
XY
i
). (17)
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That is
χX ≤ χXY . (18)
χ is nonincreasing under the partial trace operation.
Suppose now we have a quantum system X. ε is a general quantum operation. Let perform the quantum operation
act on the system
∼
ρ
X
= ε(ρX) (19)
From Eq.(5), we know this process can be realized be a unitary operation U on the system and environment ρXE :
∼
ρ
XE
= U(ρ⊗ ρE)U †. (20)
∼
ρ
X
= trE(
∼
ρ
XE
) (21)
Since unitary operation does not change entropy of quantum, that is
∼
χ
XE
= χXE . Considering Eq.(8) and Eq.(18),
we can draw a conclusion:
∼
χ
X
≤ χX . (22)
That is, the Holevo chi quantity decreases under quantum operations. From Eq.(2) we know, the Holevo chi quantity
is an upper bound on the accessible information. After a quantum operation, the Holevo chi quantity decreases, which
means some of the information we can get (theoretic) before this quantum operation has lost. Since the information
we can get of the system decreases, the uncertainty of final state increases. For an unknown state, the Holveo chi
quantity decrease under quantum operations tell us we cannot operate it accurately because of the information we
can obtain about the state decreasing.
Consider the likelihood:
∼
χ
X
= χX . (23)
In Eq.(5), of course, if U does not involve any interaction with the environment, then ε(ρ) =
∼
U ρ
∼
U
†
, where
∼
U is the
part of U which acts on the system alone. It is clear that
∼
χ
X
= χX . That is, when we want to operate an unknown
quantum state, if this process can be performed by a unitary operation, we can say that this process can be operated
accurately because the upper bound on the accessible information does not decrease. When U involve interaction
with the environment, it would result in that information exchanges between the quantum system and environment.
The accessible information of the quantum system must decrease. In a general way, a quantum process can not be
operated accurately. We will show this by a common quantum process below.
Consider a simple but common quantum process. Let suppose two subsystems A and B. A starts out in an unknown
but pure quantum state, |ϕ >. B starts in some standard pure state, |s >. The quantum process can be described
like this:
U |ϕ > |s >= |ϕ > |f(ϕ, s) >, (24)
where U is a unitary evolution, Fig.2. Suppose this procedure works for two particular states, |ϕ > and |φ >. Then
we have
U |ϕ > |s >= |ϕ > |f(ϕ, s) >, (25)
U |φ > |s >= |φ > |f(φ, s) > . (26)
Taking the inner product of this two equations gives
< ϕ|φ >=< ϕ|φ >< f(ϕ, s)|f(φ, s) > (27)
< ϕ|φ > (1− < f(ϕ, s)|f(φ, s) >) = 0. (28)
It has only two solutions, either |ϕ >and |φ > are orthogonal or |f(ϕ, s) >= |f(φ, s) >. Only those states which are
orthogonal to one another can be evolved, or else, the standard state of subsystem B would be invariable. Therefore,
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a general quantum device described by Eq.(24) is not possible (Reasonably, we can consider the two subsystems as
one joint closed system. Therefore, we know the states of a closed quantum system can not be operated accurately
in general.). It can be explained like this: If this process can be realized. That is to say, the state of system A does
not change. The information of system A does not decrease. We can repeat this quantum process to obtain more
and more states |f(ϕ, s) >. Then we can draw some information about system A from system B which now is in the
state |f(ϕ, s) >. The information about system A would increase. It is impossible! When |f(ϕ, s) >= |f(φ, s) >, the
states of subsystem B is constant. No information exchanges between the two subsystems A and B. The quantum
process described by Eq.(24) does not increase the accessible information. It seems like a controlled−U process: the
subsystem B as the control qubit, and the subsystem A as the target qubit.
Consider the unitary operation U is controlled operation, with the subsystem A the control qubit, and the subsystem
B initially as the target qubit, Fig.3. ’If A is ture, then do B’:
U |γ > |ψ >= |γ > |f(γ, ψ) > . (29)
This type of controlled operation is one of the most useful in quantum computing. The proof of universality for
controlled−NOT gate has been given in [10]. The reason why the controlled operation is universal is that we have
full information about the control qubit. The target qubit is in an arbitrary pure state. Clearly, in this process, the
accessible information of control and target qubit does not increase.
Let |ϕ >= |f(ϕ, s) >, Eq.(24) will becomes a copying procedure:
U |ϕ > |s >= |ϕ > |ϕ > . (30)
Clearly, a universal cloning device is impossible. This is the very famous no-cloning theorem [1]. The connection
between the accessible information and a copying procedure is more obvious. Suppose Alice prepares one of two
non-orthogonal quantum states |ϕ > and |φ > with respective probabilities p and 1 − p. If the law of quantum
mechanics allowed Bob to get full information by measurement to identify which of the two states |ϕ > and |φ >
Alice had prepared, then he could clone the states simply. On the other hand, if Bob can clone the two states, then
he could repeatedly apply the clone device to get a large number of copies. Then he could get full information by
measurement. But, the accessible information decreases under quantum operations, which forbid a universal cloning.
Consider a disentanglement process:
ε(ρ12)→ tr2(ρ12)⊗ tr1(ρ12), (31)
where ρ12 is a pure state of two subsystem.. It has been showed that an arbitrary state cannot be disentangled,
by a physical allowable process, into a tensor product of its reduced density matrices [3]. Consider ρ12 is a pure
state, then the Holevo chi quantity χ(ρ12) = 0. After the disentangling process, it has that the Holevo chi quantity
χ(tr2(ρ12)⊗ tr1(ρ12)) ≥ 0. We can prove this by using concavity of the entropy:
S(
∑
i
piρi) ≥
∑
i
piS(ρi). (32)
After the disentangling quantum states process, that is
χ(tr2(ρ12)⊗ tr1(ρ12)) = S(
∑
i
piρi)−
∑
i
piS(ρi) ≥ 0 (33)
χ(tr2(ρ12)⊗ tr1(ρ12)) ≥ χ(ρ12) (34)
Since the equality holds if and only if all the states ρi for which pi > 0 are identical, we know that a general disen-
tangling quantum states would necessarily increase the Holevo chi quantity. Thus, it tell us a universal disentangling
machine cannot exist.
In summary, we analyzed the connection between quantum operations and accessible information. For an unknown
state, generally, it cannot be operated accurately because the Holevo chi quantity decrease under quantum opera-
tions. At the same time, quantum mechanics law shows that non-orthogonal states cannot be reliably distinguished.
Generally, for an unknown state, we neither can get full information about it, nor can we operated it accurately. This,
also, is the restriction that the law of quantum mechanics gives.
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Fig.1. An open quantum system consists of two parts,
           the principal system and an evironment.
U
env
f( ,s)sB:
A:
Fig.2. If the unknown state  does not change, this quantum process would increase 
          the accessible information. Quantum mechanics laws forbids such process.
U
Fig.3. Controlled-U operation. The top line is the control qubit, and the bottom 
  line is the target qubit. If the control qubit is set, then U is applied to the target.
U
